A simple unifying mass matrix is presented for the three active and one sterile neutrinos ν e , ν µ , ν τ , and ν s , using an extension of the radiative mechanism proposed some time ago by Zee. The total neutrino-oscillation data are explained by the scheme ν e ↔ ν s (solar), ν µ ↔ ν τ (atmospheric) and ν e ↔ ν µ (LSND). We obtain the interesting approximate relationship (∆m 2 ) atm ≃ 2[(∆m 2 ) solar (∆m 2 ) LSND ] 1/2 which is well satisfied by the data.
Three neutrinos, each associated with a charged lepton (e, µ, τ ), are now known. The invisible width of the Z boson, coming from the decay Z → νν, is also consistent [1] with exactly three such neutrinos. This means that if there is a fourth neutrino, either it has to be very heavy (with mass greater than M Z /2) or it does not couple to Z. In particular, if it is light, then it must not have any electroweak gauge interactions. Such an object is often referred to as a "sterile" neutrino. The reason that this may be a necessary part of our understanding of particle physics is that there are at present three classes of neutrino experiments [2, 3, 4] which show evidence of neutrino oscillations with three very different ∆m 2 's, i.e. differences of mass-squares. If all three interpretations are correct, then we need four light neutrinos. (A possible but rather extreme three-neutrino scenario [5] is to have large anomalous ν τ -quark interactions.) It is thus of theoretical interest to find a natural mechanism which explains the masses and mixings of these four neutrinos in the present experimental context.
A specific model for a 4 × 4 neutrino mass matrix was proposed [6] already some time ago.. The form of this matrix agrees with subsequent purely phenomenological analyses [7, 8] of all neutrino-oscillation data. Our present study concerns the possibility that all neutrino masses are zero at tree level, but are generated radiatively at one-loop to match the pattern in [6] , using a mechanism first proposed by Zee [9] . We extend previous work [10, 11] on this topic to include a sterile neutrino [12] with the help of an extra U(1) gauge symmetry [13] .
The resulting mass eigenvalues lead to the approximate relationship
which is well satisfied by the data.
Our model extends the standard electroweak gauge model to include three singlet fermion fields ν sL , N R , and S R , as well as 3 singlet scalar fields χ are enough [9, 11] . The more difficult task is to include the singlet neutrino ν sL into a 4 × 4 radiative mass matrix of the same form. A natural way that this may come about is to have an extra gauge symmetry U(1) ′ for the fields ν sL , χ Table 1 .
We have an unbroken discrete Z 2 symmetry, namely L-parity, to distinguish between two classes of fermions. The leptons now have odd L-parity, replacing the usual additive lepton number. This allows the four neutrinos to acquire Majorana masses. However, tree-level neutrino masses are forbidden by the assumed particle content of our model, even after the spontaneous breaking of the gauge symmetry. Note that ν s does not get a Majorana mass because of U(1) ′ ; it also does not get a Dirac mass by pairing up with N R or S R because of L-parity. More specifically, consider the following interaction Lagrangian density of the fields shown in Table 1 .
where we have used the notation ψ i ζ j = ψ i C ζ j for two fermion fields ψ and ζ. Evidently, f ij is antisymmetric in its generation indices. We have assumed in (2) that (φ
not couple to leptons. This is easily achieved by a separate discrete Z 2 symmetry which is explicitly broken, but only by soft terms such as φ
as in the minimal supersymmetric standard model, for example. As shown below, the above interactions induce a radiative neutrino mass matrix for ν e , ν µ , ν τ , and ν s of the form
which generalizes the 3×3 matrix of the Zee model [9] by including a fourth row and column.
In Fig. 1 we show the one-loop diagram linking ν i and ν j which contributes to the corresponding entry in M ν . This is of course identical to that of Ref. [9] and [11] . Note that i = j necessarily, hence only off-diagonal entries can be nonzero.
where v 1,2 ≡ φ 0 1,2 , and the function F is given by
In Fig. 2 we show the analogous one-loop diagram linking ν i to ν s . We find
where u ≡ χ 0 2 . In the following, we will assume that f 
where m 2 e in Eq. (5) has been neglected.
We make the same observation as in Refs. [9] and [11] that b and c are likely to be the dominant entries of M ν because they are proportional to m 2 τ . This means that ν τ combines with a linear combination of ν e and ν µ to form a pseudo-Dirac particle. Let us also assume that |f eτ | << |f µτ |, so that |b| << |c|. Then the 2 × 2 submatrix spanning ν e and ν s is given by
where we have used Eq. (11) and the fact that |a/c| << |f eµ /f µτ |. Hence
and for m νe << m νs , the ν e − ν s mixing is (cf eµ /ef µτ + bm
. This is assumed to be small, so as to satisfy the solar neutrino data. We now have
Since M ν has zero trace, it can easily be shown that the leading expressions for its eigenvalues are given by
Hence the mass-squared difference between the two Majorana components of the pseudoDirac neutrino with mass c is ∆m
Since this is for a ν µ − ν τ mixing of 45
• , we have taken it to explain the atmospheric neutrino data. Finally, the LSND data involve the mixing of ν e and ν µ , hence
with mixing given by b/c. Combining Eqs. (14), (16), and (17), we obtain Eq. (1) eV, hence m νe ∼ 2ab/c ∼ 2 × 10 −6 eV, justifying our assumption that m νe << m νs . We have thus a completely successful phenomenological picture of neutrino oscillations.
The model of Ref. [11] differs from ours in that ν s is assumed there to acquire a tree-level mass which is just slightly bigger than the radiative mass of ν e . [This is of course rather ad hoc, but it is necessary to satisfy solar data.] Let us compare its consequences with those of ours. In the former, the parameter a is forced to be large in magnitude because 4ab is identified there with (∆m 2 ) atm , resulting in |f eµ | ∼ |f µτ |. This condition is subject to severe phenomenological constraints because f eµ contributes to µ decay. In fact, in that scenario,
2 ) −1 where M 1,2 are the physical charged
Higgs masses and φ is their mixing angle. In our model, because of Eq. (16), a can be and is very small, hence |f eµ | << |f µτ |, so that our |f µτ | is not constrained to be small.
We note also that the form of Eq. (3) for the neutrino mass matrix with c as the dominant entry is not sufficient by itself to have the correct ν e −ν s submatrix needed to explain the solar data. Without Eq. (11), which is an automatic consequence of our model, that submatrix would have dominant off-diagonal terms, i.e.
which would make ν e and ν s pseudo-Dirac partners with the requisite mixing of 45
• in conflict with solar neutrino data.
A third point concerns the fermion singlets N R and S R . They have even L-parity, which is unbroken in our model, hence they do not mix into the lepton sector. Both of them are massive, because the terms S R S R and N R S R χ 0 2 * + h.c. are allowed in the Lagrangian density.
The scale of U(1) ′ -breaking, i.e. χ 
